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Figure 1: Modularity used to study e�ect of
schizophrenia on brain cell interaction2

First introduced by Newman and
Girvan 2004 as a measure of how well
a network is clustered into
communities.

Many clustering algorithms; based on
optimising modularity; including
protein discovery and social networks

Finding the optimal partition of a

graph shown to be NP-hard by

Brandes. et. al. 2007

Disrupted modularity and local connectivity of brain functional
networks in childhood-onset schizophrenia.
Alexander-Bloch A.F., Gogtay N., Meunier D., Birn R., Clasen L.,
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Results on Fixed Trees

For a path Pn, asymptotic normality.

Theorem Feller ’68,

Let π be uniformly random permutation. Moment generating function

E[etInv(π)] =
n∏

j=1

e jt − 1

j(et − 1)
,

and
Inv(π)− E(Inv(π))

V(Inv(π))
→ N(0, 1).

For node u, let zu denote the number of nodes in the tree rooted at u.

Cumulant moments of r.v. X , κk(X ): lnE[etX ] =
∑∞

k=0 κk
tk

k!

Bk denotes the k-th Bernoulli number.
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Theorem CHJJS ’17+

Let T be a fixed tree. Write X = Inv(T , π). Let κk(X ) be the k-th
cumulant of X . Then

E[X ] =
1

2

∑
v∈V

(zv − 1)

V[X ] =
∑
v∈V

(z2v − 1)

and more generally, κk(X ) =
Bk

k
(−1)k

∑
v∈V

(zkv − 1)
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Results: Combinatorial Interpretation

Theorem CHJJS ’17+

Let T be a fixed tree with n vertices. Write X = Inv(T , π). Let κk(X )
be the k-th cumulant of X . Then

E[X ] =
1

2

∑
v∈V

(zv − 1) =
1

2
Υ(T )

V[X ] =
∑
v∈V

(z2v − 1) =
1

12
(Υ2(T )− n)

and more generally,

κk(X ) =
Bk

k
(−1)k(Υk(T )− n).
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Galton Watson Trees

Begin with one node.

Recursively, each node has a random number of children.

Number of children drawn independently from offspring distribution ξ.
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Galton Watson Trees

This strengthen results of Panholtzer and Seitz 2012.

Theorem CHJJS ’17+

Suppose Tn is a conditional Galton-Watson tree with offspring
distribution ξ such that E[ξ] = 1 and V[ξ] = σ2 ∈ (0,∞), and define

Xn =
Inv(Tn, π)−Υ(Tn)/2

n5/4
.

Then we have
Xn →d X ∼ 12σ1/2

√
η N ,

where N is a standard normal random variable, independent from the
random variable η.

For a unit Brownian excursion e(u), η =
∫
[0,1]2 mins≤u≤t e(u).
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Key Lemma

Let Zu =
∑

v>u 1[π(u) > π(v)].

Inv(T , π) =
∑

u Zu.
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Key Lemma

Let Zu =
∑

v>u 1[π(u) > π(v)].

Inv(T , π) =
∑

u Zu.

Lemma

For each node u,
Zu ∼ Unif {0, 1, . . . , zu − 1} and
furthermore the Zu’s are independent.

ρ

u
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