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inv(352146) = 6
T rooted tree with n nodes,

write u < v if u is an ancestor of v

T V( ) — [n]
inv( Zl[ﬂ' v)]

P, path with n vetices,
€10 04 &1 &7 inv(Pam)=inv(m)

# inversions = 8
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RESULTS ON FIXED TREES

For a path P,, asymptotic normality.

THEOREM FELLER ’68,

Let m be uniformly random permutation. Moment generating function

oot -1
E etlnv(7r) _ -
[ ] Hj(et —1)

and
Inv(m) — E(Inv(r))

V(Inv(r))

— N(0,1).

Cumulant moments of r.v. X, rx(X): InE[e™X] = Y52, /ik%k!
For node u, let z, denote the number of nodes in the tree rooted at wv.

By denotes the k-th Bernoulli number.
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THEOREM CHJJS 17+

Let T be a fixed tree. Write X = Inv(T, 7). Let kx(X) be the k-th
cumulant of X. Then
1
EX] =2 Y (- 1)
veV
VIX] =) (20 - 1)
5 veV
and more generally, £, (X) = Tk(—l)k Z(z{f -1)
vev
zyt
X7 et —1
El™=]] z,(ef — 1)
veV
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RESULTS: COMBINATORIAL INTERPRETATION

THEOREM CHJJS 17+

Let T be a fixed tree with n vertices. Write X = Inv(T,m). Let kx(X)
be the k-th cumulant of X. Then

EIX] = 3 Y(a 1) = 2 7(T)

veVv

VIX = Y (2~ 1) = 5 (To(T) ~ n)

veVv

and more generally,




RANDOM TREES

GALTON WATSON TREES
Begin with one node.
Recursively, each node has a random number of children.

Number of children drawn independently from offspring distribution €.



RANDOM TREES

GALTON WATSON TREES

For a unit Brownian excursion e(u), n = f[o 12 MiNs<u<t e(u).

THEOREM CHJJS 17+

Suppose T, is a conditional Galton-Watson tree with offspring
distribution ¢ such that E[¢] = 1 and V[¢] = 02 € (0, 00), and define

X — Inv(T,,m)—T(T,)/2
n nb/4 )

Then we have
X, =9 X ~ 12612,/ N,

where N is a standard normal random variable, independent from the
random variable 7.

This strengthen results of Panholtzer and Seitz 2012.
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KEY LEMMA

Let Z, =3, r(v) > =(v)].

Inv(T,m)=>,2Zu.
LEMMA

For each node u,

Z, ~ Unif{0,1,. — 1} and
furthermore the Z s are independent.
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